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Abstract
We define a graph associated with a group G by letting nontrivial degrees be the vertices, and plac-
ing an edge between distinct degrees if they are not relatively prime. Using results in the literature, it
is not difficult to show that when G is solvable and the graph is connected, its diameter is at most 4.
Recent results suggest that this bound might be obtained. We show that in fact this diameter is at
most 3, which is best possible.
 2004 Published by Elsevier Inc.
1. Introduction
Throughout the following, all groups are assumed to be finite. For a group G, we let
cd(G) denote the set of irreducible, complex character degrees. A large amount of research
has gone to connecting the structure of cd(G), such as the arithmetic structure and the
cardinality, with the group-theoretic structure of G. This paper specifically focuses on the
various character degree graphs associated with a given group. We accordingly make the
following definitions pertaining to a graph Γ . If v1 and v2 are vertices of Γ , then the
distance between v1 and v2 is the length of a shortest path between v1 and v2, and this
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The diameter of the graph Γ is the number
diam(Γ ) = max{dΓ (v1, v2) | v1, v2 are connected vertices of Γ
}
,
and is thus the largest diameter among the connected components of Γ . If Γ has no edges,
in particular if Γ is the empty graph, we let diam(Γ ) = 0.
We define the graph Γ (G) by letting cd(G) \ {1} be the set of vertices, and distinct
x, y ∈ cd(G) \ {1} are adjacent if (x, y) > 1, where (· , ·) denotes the greatest common
divisor. For a second graph, which we denote by ∆(G), we let
ρ(G) = {p | p is prime and divides some x ∈ cd(G)}
be the vertex set, and distinct primes p and q are adjacent if pq divides some character
degree of G. Obviously, for a fixed group G, there are strong correspondences between
Γ (G) and ∆(G). For example, they have the same number of connected components, and
their diameters differ by at most one.
The graph ∆(G) was first defined and studied by Manz, Willems, and Wolf in [7] (al-
though they used the notations ∆(·) and Γ (·) differently), where it was shown among
other things that when G is solvable, diam(∆(G))  3. It had been conjectured that the
actual bound was 2, and several results were published in this direction (see [4] and [11]).
However, Lewis constructed a solvable group G with diam(∆(G)) = 3 in [2].
An associated question is, what is the best bound on diam(Γ (G))? Using relatively easy
techniques, it is shown in Corollary 3.6 that diam(Γ (G)) 4 when G is solvable, and this
result is also known. It is not hard to find a solvable group G with diam(Γ (G)) = 3. For ex-
ample, if H is the semidirect product of a cyclic group of order 11 acted on by an automor-
phism of order 5, then cd(H)= {1,5}, and consequently cd(S4 × H) = {1,2,3,5,10,15}
and diam(Γ (S4 × H)) = 3. The initial conjecture on the bound of diam(∆(G)) having
been proven false has left open the question of whether 3 or 4 is the minimal upper bound
on the diameter of Γ (G). The example G presented in [2] has diam(Γ (G)) = 3, so this
group also did not provide an answer. Is it possible to find a solvable group G so that
diam(Γ (G)) = 4? We answer this question in the negative with our main theorem.
Main Theorem. If G is a solvable group, then diam(Γ (G)) 3.
2. Further notations
In order to introduce additional graphs, we first need some notation. The set of charac-
ter degrees of G which are π -numbers, for some set of primes π , is denoted by cdπ(G),
and we let ρπ(G) be the set of primes which divide some degree in cdπ(G). Obviously,
ρπ(G) ⊆ ρ(G) ∩ π , but there are examples where equality fails. We associate graphs
Γ π(G) and ∆π (G) with these degrees. The graph Γ π(G) has vertex set cdπ(G) \ {1},
and distinct π -degrees x and y are adjacent if (x, y) > 1. Also, ∆π (G) has vertex set
ρπ(G), and distinct primes p,q ∈ ρπ(G) are adjacent if pq divides some π -degree of G.
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has at most two connected components. Another known result, although not stated with
this notation, is that Γ π(G) is a connected component of Γ (G) if and only if ∆π(G) is
a connected component of ∆(G). With an integer n > 1, we let cdn(G) be the set of de-
grees of G divisible by n, and accordingly we have the associated prime set ρn(G), and
the associated graphs Γ n(G) and ∆n(G).
For vertices v1 and v2 of a graph Γ , we write v1 ↔ v2 to mean either v1 = v2 or v1 is
adjacent to v2. A path v1 ↔ · · · ↔ vn with n−1 adjacencies is called a minimal path when
dΓ (v1, vn) = n− 1.
We adopt all standard notations and conventions as presented in [1]. When G is a group,
we let F(G) be the Fitting subgroup of G, and Irr(N) be the set of complex, irreducible
characters of G. Given N  G, and ψ ∈ Irr(N), then Irr(G|ψ) is the set of irreducible
characters χ of G so that [χN,ψ] > 0. We say x ∈ cd(G) lies over n ∈ cd(N) if there exist
characters ψ ∈ Irr(N) and χ ∈ Irr(G|ψ) so that χ(1) = x and ψ(1) = n. For N G and
n ∈ cd(N), we thus label
cdN(G|n) =
{
x ∈ cd(G) | x lies over n}.
This set has a dependence not only on the degree n, but also on the normal subgroup N .
When x ∈ cd(G) lies over n ∈ cd(N), n divides x by Lemma 6.28 of [1], and x divides
|G : N |n by Corollary 11.29 of [1]. In particular, if n > 1, then cdN(G|n) ⊆ cdn(G).
We know via Lemma 12.3 of [1] that if K G is maximal so that G/K is nonabelian,
then G/K is either nonsolvable, a p-group, or a Frobenius group with nice properties. The
last case we will be dealing with extensively, so we make the following definition. We say
(K,N,f, q) is a Frobenius quadruple for the group G if K G is maximal so that G/K is
nonabelian, G/K is a Frobenius group, q is a prime, N/K is the Frobenius kernel and is an
elementary abelian q-group, and G/N is cyclic of order f . Recall that N/K is Hall, so q
does not divide f . Hence, cd(G/K) = {1, f } ⊆ cdq ′(G). All of these are consequences of
(b) in Lemma 12.3 of [1], if one notes that abelian Frobenius complements are necessarily
cyclic through Theorem 12.6.15 in [10].
3. Preliminary results
Our first lemma is a direct consequence of Lemma 12.3 of [1], following the discussion
in the previous paragraph.
Lemma 3.1. If G is a nonabelian solvable group where every nilpotent factor is abelian,
then G has a Frobenius quadruple (K,N,f, q).
One main reason for considering Frobenius quadruples is Lemma 3.2. It allows us to
replace a degree with one having more desirable properties. In the following, x may be
trivial, and even when x > 1, n may still be trivial. It is interesting to note that although
cdq ′(G) need not equal cdf (G), conclusion (3) says ρq ′(G) = ρf (G).
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x ∈ cd(G) lie over n ∈ cd(N). Then q divides x if and only if q divides n. Consequently,
(1) if x ∈ cdq ′(G), then x divides f n ∈ cdq ′(G),
(2) if a ∈ cdq(G) and x ∈ cdq ′(G) so that a ↔ x in Γ (G), then a ↔ f n in Γ (G), and
(3) when p ∈ ρq ′(G), there exists d ∈ cdq ′(G) so that p and f divide d .
Proof. The prime q does not divide f , so q divides f n if and only if q divides n. As n di-
vides x and x divides f n, this proves the initial conclusion. When q does not divide n,
Theorem 12.4 of [1] implies f n ∈ cdq ′(G), and the other three parts follow immedi-
ately. 
Focusing attention once more on degree graphs, the following result is obvious.
Observation 3.3. For groups G and integers n > 1, either cdn(G) = ∅, or the graph Γ n(G)
is complete and the graph ∆n(G) is connected with diam(∆n(G)) 2.
Lemma 3.4 and Theorem 3.5 are essentially known results with regards to the graph
∆(G) (see for example Theorems 3.1 and 3.2 of [7]), but with additional stated group and
character degree structure, of which we make use.
Lemma 3.4. Let G be a group with a nonabelian p-group quotient G/K for some prime
p and normal subgroup K . Then {pan | pa ∈ cd(G/K),n ∈ cdp′(G)} ⊆ cd(G). Conse-
quently, Γ (G) and ∆(G) are connected, diam(Γ (G)) 3, and diam(∆(G)) 2.
Proof. Obviously, 1 · n,pa · 1 ∈ cd(G) for every n ∈ cdp′(G) and pa ∈ cd(G/K). Thus,
if cd(G) = cdp(G) ∪ {1}, then the set containment is trivial, the graph Γ (G) = Γ p(G),
and Observation 3.3 implies the rest. Hence, we assume the existence of n ∈ cdp′(G) \ {1}.
Choose 1 <pa ∈ cd(G/K). An irreducible character of G of degree n restricts irreducibly
to K , and Gallagher’s theorem then implies pan ∈ cd(G). In other words, for every non-
trivial degree n which p does not divide, n is adjacent in Γ (G) to the degree pan. Fixing
an arbitrary degree m, we either have p divides m and n ↔ pan ↔ m is a path of length at
most two in Γ (G), or p does not divide m and n ↔ pan ↔ pam ↔ m is a path of length
at most three. This also shows that if q and r are primes in ρ(G), then q ↔ p ↔ r and
d∆(G)(q, r) 2. 
The group S4 × H , where H is an extra-special 5-group of order 53, has a nonabelian
5-group quotient and character degree set {1,2,3,5,10,15}. This verifies that the bounds
in Lemma 3.4 are both best possible.
Theorem 3.5. Suppose (K,N,f, q) is a Frobenius quadruple for the group G. Then
Γ q
′
(G) and ∆q ′(G) are nonempty and connected, diam(Γ q ′(G)) 3, diam(∆q ′(G)) 2,
and either
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diam(∆(G)) 4, or
(2) Γ (G) has the two connected components Γ q ′(G) and Γ q(G), ∆(G) has the two con-
nected components ∆q ′(G) and ∆q(G), diam(Γ (G)) 3, and diam(∆(G)) 2.
Proof. Obviously, 1 < f ∈ cdq ′(G), so Γ q ′(G) and ∆q ′(G) are nonempty. For nontrivial
x1, x2 ∈ cdq ′(G), we find n1, n2 ∈ cdq ′(N) so that x1 ↔ f n1 ↔ f n2 ↔ x2, as guaranteed
by Lemma 3.2, showing
dΓ (G)(x1, x2) dΓ q′ (G)(x1, x2) 3.
Thus, diam(Γ q ′(G)) 3, and Γ q ′(G) is connected and is contained in one component of
Γ (G). The graph Γ (G) now has at most two components. Moreover, for p1,p2 ∈ ρq ′(G),
there exist y1, y2 ∈ cdq ′(G) so that pi and f divide yi through Lemma 3.2. If p is any
prime divisor of f , then p1 ↔ p ↔ p2 in both ∆(G) and ∆q ′(G). When the graphs are
disconnected, the conclusions in (2) easily follow.
We now suppose Γ (G) has one component. Choose arbitrary x1, x2 ∈ cd(G) \ {1}. If
q divides both x1 and x2, then dΓ (G)(x1, x2)  1. If q divides neither x1 nor x2, then
dΓ (G)(x1, x2) 3 from the first paragraph. Without loss, assume q divides x1 and q does
not divide x2. Using Lemma 3.2, find n ∈ cdq ′(N) so that x2 divides f n ∈ cd(G).
We already saw that Γ q(G) and Γ q
′
(G) are connected, so as Γ (G) is connected, there
is some a ∈ cdq(G) and b ∈ cdq ′(G) so that a ↔ b in Γ (G). Lemma 3.2 says we can
choose b so that f divides b. Hence, x1 ↔ a ↔ b ↔ f n ↔ x2 in Γ (G). Using similar
reasoning, if p1,p2 ∈ ρ(G) are arbitrary, then we assume p1 ∈ ρq(G) and p2 ∈ ρq ′(G),
and find y1, y2 ∈ cd(G) so that pi divides yi , q divides y1, and f divides y2. Let r be a
prime divisor of both a and b, and p a prime divisor of f . Then, p1 ↔ q ↔ r ↔ p ↔ p2
in ∆(G). 
For the graph∆(G), the following was proven in [7] as Theorem 3.1(i).
Corollary 3.6. For every group G with a nonabelian solvable quotient, diam(Γ (G)) 4
and diam(∆(G)) 4.
Proof. If G has a nonabelian p-group quotient, Lemma 3.4 applies. Otherwise, Lemma 3.1
implies G has a Frobenius quadruple, and the result follows from Theorem 3.5. 
Corollary 3.7 for ∆(G) is shown in [9]. We include it here for completeness, and only
prove the Γ (G) result in (2).
Corollary 3.7. When G is nonabelian and solvable, either
(1) Γ (G) and ∆(G) are connected, and diam(∆(G)) 3, or
(2) Γ (G) and ∆(G) have two components, diam(Γ (G)) 2, and diam(∆(G)) 1.
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Once again applying Lemma 3.1, there exists a Frobenius quadruple (K,N,f, q) for G.
As G is solvable, the main theorem in [9] states that for every three primes in ρ(G),
there is some degree divisible by at least two of those primes. By Observation 3.3, it
suffices to show d
Γ q
′
(G)
(x1, x2) 2 whenever x1, x2 ∈ cdq ′(G) \ {1}. Necessarily, ∆(G)
has two components, so q ∈ ρ(G) as ∆q ′(G) is connected through Theorem 3.5. Fix the
primes pi dividing xi , so that either p1 = p2, in which case x1 ↔ x2 in Γ q ′(G), or q ,
p1, p2 are three distinct primes. As q is in a different component of ∆(G) than are p1
and p2, there exists a degree x ∈ cdq ′(G) divisible by p1p2. Hence, x1 ↔ x ↔ x2 in
Γ q
′
(G). 
The symmetric group S4 has character degree set {1,2,3}. Therefore, it does happen that
diam(Γ (G)) = diam(∆(G)) = 0 even though the group G is solvable and the associated
graphs are disconnected.
Although easy to prove, Lemma 3.8 is key to the use of induction later.
Lemma 3.8. Let N be a normal subgroup of the group G. If n1 and n2 are distinct, non-
trivial degrees of N , and xi ∈ cdni (G), then dΓ (G)(x1, x2) dΓ (N)(n1, n2).
Proof. This is of course trivial if n1 and n2 are not in the same connected component,
so we assume they are. If n1 ↔ m1 ↔ · · · ↔ mk ↔ n2 is a minimal path in Γ (N), then
for each mi , choose yi ∈ cdN(G|mi), and we have the path x1 ↔ y1 ↔ · · · ↔ yk ↔ x2 in
Γ (G), which is not necessarily a minimal path. 
A note of caution: the above is not true if n1 = n2. We can easily find situations
where distinct degrees x1 and x2 for G lie over the same nontrivial degree n of N , so
dΓ (G)(x1, x2) = 1, while dΓ (N)(n,n) = 0.
Through induction, we find a subgroup N G so that Γ (N) is a disconnected graph.
When G is solvable, N fits the classification presented in [3], which consists of six exam-
ples. The following lemma will serve to eliminate N being two of those six examples.
Lemma 3.9. Suppose (K,N,f, q) is a Frobenius quadruple for the group G, and LG
is so that N/L satisfies Example 2.4 of [3]. Let F/L = F(N/L), E/F = F(N/F), and
n = |N : E|. Then there exists x ∈ cdN/K∩L(G/K ∩ L|n) so that x > n. Furthermore, if
q divides n, then diam(Γ (G)) 3.
Proof. By Lemma 3.4 of [3], Γ (N/L) has two components, and one component consists
solely of divisors of n. Factoring, we initially assume K ∩ L = 1. If L is not contained
in K , then N = K ×L, so cd(N) = cd(K × L) = cd(K) = cd(N/L). Therefore, n is the
only degree of N which n divides, regardless of whether or not L K . Consequently, if
f n ∈ cd(G), then f n necessarily lies over n ∈ cd(N).
If F K , then N/F ∼= K/F ∩ K , and n = |K : E ∩ K| ∈ cd(K/F ∩ K). Every irre-
ducible character of K with degree n extends to N . Fix θ ∈ IrrK so that θ(1) = n, and
choose χ ∈ Irr(G|θ). If χ(1) > n, then χ itself lies over an irreducible character of N
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theorem yields f n = fχ(1) ∈ cd(G).
We can thus assume that F K . Applying Lemma 3.4 of [3] shows that E/F is cyclic.
Let C/F = CG/F (E/F). By the N/C theorem, G/C ↪→ Aut (E/F), which is abelian as
E/F is cyclic, so G/C is abelian. As E/F = F(N/F), E = N ∩ C. Therefore, G/N
abelian implies G/E = G/N ∩ C is abelian. The group N/F is not nilpotent, so G/F
is not nilpotent, and labelling the Fitting subgroup of G/F as B/F yields that G/B is
abelian. We thus have |G : B| ∈ cd(G/F) by Lemma 18.1 of [8]. That G/E is abelian
and G/K is not implies EK = N , hence B/E ∩ K ∼= BN/K , which is a subgroup of the
Frobenius group G/K . Also, F  E ∩ K implies B/E ∩ K is isomorphic to a factor of
B/F , which is nilpotent, and it follows that B N . Therefore, B/F is a normal, nilpotent
subgroup of N/F , so B = E and f n = |G : E| = |G : B| ∈ cd(G).
We no longer assume K ∩L is trivial. Fix x ∈ cdN/K∩L(G/K ∩ L|n) \ {n} and suppose
q divides n. By Corollary 11.29 in [1], (f, x) > 1. Applying Theorem 3.5, we can assume
Γ (G) has one component, and it suffices to show, for x1 ∈ cdq(G) and x2 ∈ cdq ′(G) \ {1},
that dΓ (G)(x1, x2)  3. Using Lemma 3.2, there exists m ∈ cdq ′(N) so that x2 divides
fm ∈ cd(G). Hence, x1 ↔ x ↔ fm ↔ x2 in Γ (G), as desired. 
4. The Main Theorem
We now proceed to results directly pertaining to the main theorem. We introduce
Lemma 4.1 to establish arithmetic conditions in a minimal counterexample which are used
extensively. This lemma is more general than is necessary because we do not assume solv-
ability, but as there is no significant gain in having this hypothesis, it is stated in its general
form. Also, this result may help to establish a general bound of 3 on diam(Γ (G)) when G
has a nonabelian solvable quotient.
Lemma 4.1. Suppose G is a group with diam(Γ (G)) = 4, chosen so that |G| is as small
as possible, and (K,N,f, q) is an arbitrary Frobenius quadruple for G. Then
(1) f is prime,
(2) Γ (N) is disconnected, and
(3) x ∈ cdq(G) implies (f, x)= 1.
Let x1 ↔ x2 ↔ x3 ↔ x4 ↔ x5 be an arbitrary minimal path of length 4 in Γ (G), and
suppose each xi lies over ni ∈ cd(N). Up to relabelling the ends, the following occurs:
(4) x1, x2 ∈ cdq(G),
(5) x3, x4, x5 ∈ cdq ′(G),
(6) f is relatively prime to x1, x2, and x5,
(7) both (x2, n3), (x5, n4) > 1, while (n3, n4) = 1 and (x3, x4) = f , and
(8) x1 ↔ x2 ↔ n3 is a minimal path in Γ (N).
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of x1, x5. Relabelling if necessary, suppose q divides x1. As dΓ (G)(x1, x5) = 4, q does not
divide xi (nor ni ) for i > 2, which is conclusion (5). Whenever q does not divide xi , the de-
gree xi divides f ni ∈ cdq ′(G) by Lemma 3.2. In particular, x1 ↔ x2 ↔ f n3 ↔ f n4 ↔ x5
is a minimal path, and (6) follows. If q does not divide x2, then x1 ↔ f n2 ∈ cd(G) im-
plies x1 ↔ f n2 ↔ f n4 ↔ x5, a contradiction establishing (4). Conclusion (3) necessarily
holds, as x1 ↔ x ↔ f n4 ↔ x5 otherwise. Since (x2, f ) = 1 = (x5, f ) and both (x2, f n3)
and (x5, f n4) are nontrivial, it follows that (x2, n3) and (x5, n4) are nontrivial.
We now consider the minimal path x1 ↔ x2 ↔ f n3 ↔ f n4 ↔ x5 and pick a prime
p dividing f . Recalling G/N is cyclic, we can find P  N so that |G : P | = p. By
restriction of characters, x1 ↔ x2 ↔ |P : N |n3 and |P : N |n4 ↔ x5 in Γ (P ). Applying
Lemma 3.8, dΓ (P )(x1, x5) dΓ (G)(x1, x5) = 4. By the minimality, dΓ (P )(x1, x5) = ∞, so
x1 and x5 are in different connected components of Γ (P ), and Γ (P ) is disconnected.
For this to happen, |P : N |n3 and |P : N |n4 are relatively prime, so |P : N | = 1 and
(n3, n4) = 1. Therefore, P = N , finishing (2) and (8); p = f , proving (1); and 1 < (x3, x4),
which in turn divides (f n3, f n4) = f , finishing (7). 
In the above, we have shown x1 = n1, x2 = n2, and x5 = n5. The proof does not pre-
clude the possibility that x3 = n3 or x4 = n4, but both cannot simultaneously occur by
conclusion (7). Throughout the following proof, Lemma 4.1 (when actually referenced)
will be referenced by the number of the conclusion needed.
Proof of Main Theorem. We fix a solvable group G so that diam(Γ (G)) = 4 and |G| is
minimal. By Lemma 3.4, every nilpotent factor of G is abelian, so applying Lemma 3.1,
we can find a Frobenius quadruple (K,N,f, q) for G. Let F = F(N). We fix a minimal
path x1 ↔ x2 ↔ x3 ↔ x4 ↔ x5 in Γ (G), and n3, n4 ∈ cd(N), labelled as in Lemma 4.1.
Throughout this proof, we often and without reference use that x1, x2, x5, n3, and n4 are
nontrivial degrees of N via (6) and (7), f n4 ∈ cdq ′(G) through (5) and Lemma 3.2, f is
prime, and q divides x1 and x2. Also, N is solvable, and accordingly Γ (N) has two com-
ponents by (2) and Corollary 3.7.
The solvable groups with disconnected graphs were classified in [3] as being among
Examples 2.1 through 2.6, and their character degree sets were explored in Lemmas 3.1
through 3.6 of [3], respectively. Recall that by (8), diam(Γ (N)) 2. Our group N is thus
not among the groups H in Examples 2.2, 2.3, and 2.5, as these groups have graphs Γ (H)
where both connected components are complete graphs. If N were to satisfy Example 2.6,
then via Lemma 3.6 of [3], there is a normal nonabelian Sylow subgroup P for N so that
N/P ′ satisfies 2.4. Obviously, P ′ charN G, so P ′ G. Therefore, if N satisfies either
Example 2.4 or 2.6, then let n = |N/F : F(N/F)|. Through Lemmas 3.4 and 3.6 of [3],
the connected component in Γ (N) which is not a complete graph consists of divisors of n,
which implies x1, x2, and n3 divide n. Thus, q divides n, and this contradicts Lemma 3.9.
The group N thus satisfies Example 2.1 of [3]. By Lemma 3.1 of [3], N/F is abelian,
x = |N : F | ∈ cd(N), and the component of Γ (N) containing x1, x2, and n3 consists of
divisors of x . Therefore, q divides x , and (3) says irreducible characters of N with degree
x extend to G. Hence, x1 ↔ x ↔ x3 in Γ (G). More so, there is a unique nonabelian Sylow
p-subgroup of N for some prime p, whose existence is guaranteed in Example 2.1 in [3].
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of the first component, while n4 and x5 are nontrivial p-powers.
Let r be a prime divisor of n3, noting r does not divide x1 by (8). On the other hand,
r does divide x as n3 divides x , so N/F being abelian implies the existence of an r-chief
factor N/M for G so that M > F . If G/M is nonabelian, then f ∈ cd(G/M) through (1)
and Itô’s theorem. Hence, (3) yields x1 as relatively prime to |G : M|. Irreducible char-
acters of G with degree x1 restrict irreducibly to M , and f x1 ∈ cd(G) by Gallagher’s
theorem, a contradiction. Therefore, G/M is abelian, |N : M| = r , and we can find a nor-
mal r-complement H/M in G/M . The index |G : H | = r is relatively prime to f , f n4, x1,
and x5, so f,f n4, x1, x5 ∈ cd(H). Applying Lemma 3.8 once more, dΓ (H)(x1, x5) = ∞
via the minimality of |G|, Γ (H) has two components, and x1 and x5 are in distinct com-
ponents. Irreducible characters of N with degree |N : F | lie over irreducible characters of
M with degree |M : F |, and these characters necessarily extend to H to avoid f q dividing
some degree of H . Hence, |M : F | ∈ cd(H).
We necessarily have diam(∆(G)) = 3, and from results in [11], |ρ(G)| 5. Recalling
f is prime, there exists s ∈ ρ(G) \ {f,p,q, r} ⊆ ρ(N) \ {p,q, r} ⊆ ρp′(N), and this last
set consists of divisors of x = r|M : F |. Therefore, s divides |M : F |. We have q ↔ s and
f ↔ p in∆(H). Each connected component of∆(H) has multiple vertices, which implies
H is not among Examples 2.1, 2.2, 2.3, or 2.5 by Lemmas 3.1, 3.2, 3.3, and 3.5 of [3],
respectively. Therefore, H satisfies either Example 2.4 or 2.6. In particular, the Fitting
height of H is three, and it is now easily shown that F = F(H) and M/F = F(H/F). By
Lemmas 3.4 and 3.6 of [3], one component of Γ (H) consists of divisors of |H : M| = f .
Noting n4 > 1, this contradicts that f ↔ f n4 in Γ (H). 
5. Further research
Throughout this paper, the counterparts between the Γ graphs and the ∆ graphs have
had very close relations. This is no accident, as is witnessed in the following. Propo-
sition 5.1 and Corollary 5.2 are the π -graph generalizations of the known connections
between Γ (G) and ∆(G), and provide further evidence of strong connections between
the various Γ and ∆ graphs. When we set π = ρ(G), we get Γ π (G) = Γ (G) and
∆π(G) = ∆(G), so the following really are generalizations of the Γ (G) and ∆(G) re-
sults. Corollary 5.2 follows immediately from Proposition 5.1, so we omit the proof.
Proposition 5.1. Let G be a group and π a set of primes. Fix degrees x1, x2 ∈ cdπ (G) and
primes p1,p2 ∈ ρπ (G) so that pi divides xi . Let Γ = Γ π(G) and ∆ =∆π(G). Then
(1) dΓ (x1, x2) d∆(p1,p2)+ 1, and
(2) d∆(p1,p2) dΓ (x1, x2)+ 1.
Proof. We fix x1, x2, p1, and p2 as designated. We first show (1), which is trivial if
p1 and p2 are in different components of ∆, so we suppose d∆(p1,p2) = n < ∞. There
exists a path p1 ↔ q1 ↔ · · · ↔ qn−1 ↔ p2 in ∆ of length n, which means there exist
424 J.K. McVey / Journal of Algebra 280 (2004) 415–425y1, . . . , yn ∈ cdπ (G) so that p1q1 divides y1, qn−1p2 divides yn, and for i = 1, . . . , n − 2,
qiqi+1 divides yi+1. Hence, x1 ↔ y1 ↔ · · · ↔ yn ↔ x2 in Γ , showing (1).
Similarly, assume dΓ (x1, x2) = n < ∞ and fix a path x1 ↔ y1 ↔ · · · ↔ yn−1 ↔ x2 of
length n in Γ . There are primes q1, . . . , qn ∈ ρπ (G) so that q1 divides both x1 and y1,
qn divides both yn−1 and x2, and for i = 1, . . . , n − 2, qi+1 divides both yi and yi+1.
Hence, p1 ↔ q1 ↔ · · · ↔ qn ↔ p2 in ∆, showing (2). 
Corollary 5.2. Let G be a group and π a set of primes.
(1) If x1, x2 ∈ cdπ(G) and p1,p2 ∈ ρπ(G) are so that pi divides xi , then x1 and x2 are
connected in Γ π(G) if and only if p1 and p2 are connected in ∆π(G).
(2) If τ is a set of primes, then Γ τ (G) is a connected component of Γ π(G) if and only if
∆τ (G) is a connected component of ∆π(G).
(3) The graphs Γ π(G) and ∆π(G) have the same number of connected components.
(4) |diam(Γ π(G))− diam(∆π(G))| 1.
The question now naturally arises, to what extent are there connections between these
graphs? We mentioned previously, if G is π -solvable, then ∆π(G), and thus Γ π(G), have
at most two connected components. For general groups G, the graphs Γ (G) and∆(G) are
known to have at most three connected components (see [6]). Is there a general bound on
the number of connected components for the π -graphs?
When G is π -solvable, the paper [5] presented a bound of 6 on the diameter of ∆π(G),
but it is conjectured that the actual bound is lower than this. Given (4) in Corollary 5.2,
this provides a bound of at most 7 on diam(Γ π(G)) when G is π -solvable, but what is the
actual bound there?
Is there a better bound on diam(Γ (G)) when G has a nonabelian solvable quotient
over when G is generically nonsolvable? If G has a nonabelian nilpotent quotient, then
diam(Γ (G)) 3 by Lemma 3.4. Therefore, if G has a nonabelian solvable quotient, it is
no loss to assume that G has a Frobenius quadruple (K,N,f, q), in which case Lemma 4.1
applies, and probably Lemma 3.9 as well. This suggests that a bound of three may be the
correct bound on diam(Γ (G)) when G has a nonabelian, solvable quotient. It came to the
author’s attention that Lewis and White have recently shown diam(∆(G)) 4 for arbitrary
groups G, so diam(Γ (G)) 5, but it is presently unknown if these are best.
There are situations where parallels fail. Labelling G as in the example S4 ×H either in
Section 1 or by Lemma 3.4, we have cd5(G) = {5,10,15} and ρ5(G) = {2,3,5} = ρ(G).
Consequently, ∆(G) =∆5(G), as the graph for both of these is the minimal path
2 ↔ 5 ↔ 3. On the other hand, cd(G) \ {1} = {2,3,5,10,15} = cd5(G), so the graphs
Γ (G) = Γ 5(G). Accordingly, for primes p, it is not true in general that Γ p(G) is a con-
nected component of Γ (G) if and only if ∆p(G) is a connected component of ∆(G).
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